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Abstract
This paper is a step towards the complete topological classification
of Ω-stable diffeomorphisms on an orientable closed surface, aiming to
give necessary and sufficient conditions for two such diffeomorphisms to
be topologically conjugate without assuming that the diffeomorphisms
are necessarily close to each other. In this paper we will establish such
a classification within a certain class Ψ of Ω-stable diffeomorphisms de-
fined below. To determine whether two diffeomorphisms from this class
Ψ are topologically conjugate, we give (i) an algebraic description of the
dynamics on their non-trivial basic sets, (ii) a geometric description of
how invariant manifolds intersect, and (iii) define numerical invariants,
called moduli, associated to orbits of tangency of stable and unsta-
ble manifolds of saddle periodic orbits. This description determines the
scheme of a diffeomorphism, and we will show that two diffeomorphisms
from Ψ are topologically conjugate if and only if their schemes agree.
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1 Introduction and formulation of the results
The topological classification of structurally stable diffeomorphisms on closed
orientable surfaces has made tremendous progress in the last 25 years, due
to the work of C. Bonatti, V. Grines, R. Langevin, A. Zhirov, R. Plykin and
etc. (see for example [1], [2], [3], [9] for the history of the subject and more
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information). Any such classification naturally includes a description of its
basic sets and a non-trivial description of how invariant manifolds of periodic
points intersect. If invariant manifolds of saddles have tangencies, then the
topological classification also involves expressions, called moduli, related to
eigenvalues at saddle points, as was discovered by J. Palis [14].
A first important step in the direction of a topological classification of
Ω-stable diffeomorphisms on orientable closed surfaces was made by W. de
Melo and S.J. van Strien in [11], where they found necessary and sufficient
conditions for Ω-stable diffeomorphisms to have a finite number of moduli.
(A diffeomorphism f is said to have a finite number of moduli if one can
parametrise topological conjugacy classes of a neighbourhood of f by a finite
number of parameters). Their result is local in the sense that it only considers
the topological conjugacy of two diffeomorphisms which are sufficiently close to
each other. To deal with the global situation, T. Mitryakova and O. Pochinka
[12] partly generalised the previous result by construction a complete invariant
for Ω-stable diffeomorphisms for a certain class of Ω-stable diffeomorphisms
(with at most a finite number of periodic points) which can in general be “far”
from each other.
Here we present the topological classification considering a wider class than
in [12], within this class the existence of one-dimensional attractors and re-
pellers is allowed. This class Ψ will be defined formally below.
Let M2 be an orientable closed surface and f : M2 → M2 be an A-
diffeomorphism, i.e. an Axiom A diffeomorphism. By S. Smale [17], the
non-wandering set NW (f) of f is represented as a finite union of disjoint
closed invariant sets Λ1, . . . ,Λk, called basic sets, each of which contains a
dense orbit. A basic set which consists of a periodic orbit will be called trivial
and otherwise it is called non-trivial.
Let Λ be a one-dimensional basic set of f . By R. Plykin [15], Λ is either
an attractor or a repeller.
According to [5] (Definition 3) a point p is called an s-boundary (u-
boundary) point of attractor (repeller) Λ, if one of the connected components
of the set W sp \ p (W up \ p) is disjoint from Λ; denote by `p such a component
(see Figure 1, where the construction of a DA-diffeomorphism is represented
and where p1, p2 are the s-boundary points).
For definiteness we suppose that Λ is an attractor (all notions for repeller
can be obtained by considering f−1). By [6] (Lemmas 2.4, 2.5), each s-
boundary point is necessarily periodic and the set Λ has a non-empty and
finite set of s-boundary points1. We denote this set by PΛ.
Definition 1 (Separable one-dimensional attractors) We say that a 1-
dimensional attractor Λ of an A-diffeomorphism f is separable if a union YΛ
1In fact the existence and finiteness of the set of boundary points without the term
“boundary point” was proved by S. Newhouse and J. Palis in [13] (Proposition 1).
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Figure 1: DA-diffeomorphism
Figure 2: Other examples of 1-dimensional attractors
of saddle and source trivial basic sets of the diffeomorphism f exists with the
following properties:
1) cl(W sΛ) \W sΛ = W sYΛ;
2) cl(`p) \ `p = p∪ α for every s-boundary point p ∈ PΛ, where α ∈ YΛ is a
source point;
3) for every saddle point σ ∈ YΛ the manifold W sσ does not contain hetero-
clinic points.
This definition is illustrated in Figure 3.
It follows from [7] (Lemma 1, Lemma 2) that any one-dimensional basic
set of a structural stable diffeomorphism f : M2 →M2 is separable. We prove
the following stronger result.
Theorem 1 If an Ω-stable diffeomorphism f : M2 →M2 has a finite number
of moduli then any of its one-dimensional basic set is separable.
The proof of Theorem 1 is based on necessary and sufficient conditions,
found in [11], under which a diffeomorphism of an orientable surface has a
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Figure 3: In these figures α, ω, σ denote periodic points of source, sink and saddle
type. In Figure (A) a separable one-dimensional attractor on the torus is shown,
where cl (W sΛ) \W sΛ is the region bounded by the dark (red) curves and `pi are the
curves connecting pi to αi; In Figure (B) a situation is shown with a non-seperable
one-dimensional attractor and repeller on the pretzel; here the curves `pi do not
land on repelling fixed points, and so condition 2) in the definition of separable
one-dimensional attractor is violated.
finite number of moduli of topological conjugacy, and described the structure
of the neighborhood of such a diffeomorphism.
Statement 1 (Criteria of a finite number moduli, [11]) Let f : M2 →
M2 be an Ω-stable C2-diffeomorphism. Then f has a finite number moduli if
and only if it satisfies the conditions below:
(1) if x, y ∈ NW (f) are such that W ux is not transverse to W sy then the
basic sets containing x and y are trivial;
(2) there is only a finite number of orbits of non-transverse intersections
between stable and unstable manifolds and the contact between these manifolds
along each of these orbits is of finite order;
(3) if p, q are periodic points from trivial basic sets such that W up has an
orbit of non-transverse intersection with W sq then the number of orbits in W
s
p
(resp. in W uq ) belonging to some unstable (resp. stable) manifolds of periodic
saddle points of f is finite;
(4) if x is a point of non-transverse intersection of W up and W
s
q then there
exists an arc Σ transverse to W up at x such that no connected component of
Σ \ {x} contains points of both stable and unstable manifolds of saddles;
(5) if W up has a point of non-transverse intersection with W
s
q ,and W
u
q has a
point of non-transverse intersection with W sr , then there is no saddle point of
f whose unstable manifold (resp. stable manifold) intersects W sp (resp. W
u
r ).
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Definition 2 (The class Ψ) An orientation preserving Ω-stable C2-
diffeomorphism f : M2 →M2 is called a diffeomorphism of class Ψ if it has a
finite number of moduli and the following properties are satisfied:
1) each non-trivial basic set Λ of f is one-dimensional;
2) heteroclinic orbits can be contained in the stable or the unstable manifold
of a periodic point of the trivial basic set of f , but not in both.
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Figure 4: An example of a diffeomorphism f from Ψ
Let f ∈ Ψ and W ux be not transverse to W sy for some saddle periodic points
x, y ∈ NW (f). Set Θxy = ln|λx|ln|µy | , where λx is the eigenvalue of Df at x which
is less than one by absolute value and µy is the eigenvalue of Df at y which is
greater than one by absolute value. Denote by Ψ∗ the set of diffeomorphisms
f ∈ Ψ such that Θxy is an irrational for any such pair x, y.
In section 2 we introduce the notion of a scheme of diffeomorphism f con-
taining
(i) an algebraic description of the dynamics on its non-trivial basic sets,
(ii) a geometric description of how invariant manifolds intersect,
(iii) numerical invariants, called moduli, associated to orbits of tangency
of stable and unstable manifolds of saddle periodic orbits
and define an equivalence of two schemes.
The main result of this paper is the following theorem.
Theorem 2 (Classification with class Ψ)
1. If the schemes of diffeomorphisms f, f ′ ∈ Ψ are equivalent, then the
diffeomorphisms are topologically conjugate.
2. Diffeomorphisms f, f ′ ∈ Ψ∗ are topologically conjugate if and only if
their schemes are equivalent.
Acknowledgements. This work was supported by the Russian Foundation
for Basic Research (project nos. 15-01-03687-a, 16-51-10005-Ko a), Russian
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2 Descriptions of diffeomorphisms from Ψ
2.1 An algebraic description of the dynamics on one-
dimensional basic set
Now let Λ be a 1-dimensional attractor of an A-diffeomorphism f : M2 →M2.
From [4] Λ is represented as a finite union of disjoint compact sets Λ1, . . . ,Λk,
which are cyclically transformed into each other under the action of f. More-
over, cl (W sx ∩ Λi) = Λi and cl (W ux ∩ Λi) = Λi for any point x ∈ Λi. Every Λi
is called periodic (or C-dense) component of the basic set Λ. In this section
we suppose that the attractor Λ consists of only one periodic component. We
will now associate to Λ a closed neighbourhood NΛ.
Definition 3 (The bunch of an attractor) A bunch b of an attractor Λ is
the union of the maximal number rb of the unstable manifolds W
u
p1
, . . . ,W uprb
of
the s-boundary points p1, . . . , prb of the set Λ whose separatrices
2 `p1 , . . . , `prb
belong to the same connected component of the set W sΛ \ Λ. The number rb is
said to be the degree of the bunch.
Let δ ∈ {u, s} and x ∈ Λ. For points y, z ∈ W δx , (y 6= z) let
[y, z]δ, [y, z)δ, (y, z]δ, (y, z)δ
denote the connected arcs on the manifold W δx with the boundary points y, z.
Denote by BΛ the set of all bunches of Λ. From the definition of a bunch
b ∈ BΛ of degree rb it follows that there is a sequence of points x1, . . . , x2rb
such that:
1) x2j−1, x2j belong to the different connected components of the setW upj\pj;
2) x2j+1 ∈ W sx2j (we set x2rb+1 = x1)
3) (x2j, x2j+1)
s ∩ Λ = ∅, j = 1, . . . , rb.
For each j ∈ {1, . . . , rb} we pick a pair of points x˜2j−1, x˜2j and a simple
curve `j with boundary points x˜2j−1, x˜2j such that:
1) (x˜2j, x˜2j+1)
s ⊂ (x2j, x2j+1)s (x2r+1 = x1);
2) the curve `j transversally intersects at a unique point the stable manifold
of any point on the arc (x2j−1, x2j)u;
2Stable (unstable) separatrix of a hyperbolic periodic point p is a connected component
of the set W sp \ p (Wup \ p).
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Figure 5: Construction of the surface NΛ.
3) Lb =
rb⋃
j=1
[`j ∪ (x˜2j, x˜2j+1)s] is a simple closed smooth curve and the set
LΛ =
⋃
b∈BΛ
Lb is such that:
a) f(LΛ) ∩ LΛ = ∅;
b) for every curve Lb, b ∈ BΛ there is a curve in the set f(LΛ) such that
these two curves are the boundaries of an annulus Kb;
c) the annuli {Kb, b ∈ BΛ} are pairwise disjoint (see Figure 5).
Let NΛ = Λ ∪
⋃
n≥1
fn(
⋃
b∈BΛ
Kb). By construction the annuli {Kb, b ∈ BΛ}
consist of the wandering points of the diffeomorphism f , NΛ is a surface with
non-empty boundary and NΛ is a neighbourhood of the attractor Λ, which we
call the support of NΛ.
Let p
Λ
: UNΛ → NΛ be the universal covering where UNΛ is a subset of
Lobachevsky plane and let GNΛ be the group of its covering transformations.
Set ENΛ = ∂UNΛ . A lift f¯Λ : UNΛ → UNΛ of fΛ = f |NΛ with respect to pΛ
induces an automorphism Tf¯Λ of the group GNΛ which acts by the formula
Tf¯Λ(g) = f¯Λgf¯
−1
Λ . Set Λ¯ = p
−1
Λ (Λ). If x ∈ Λ then let x¯ ∈ Λ¯ denote a point
in the preimage p−1
Λ
(x) and let wδx¯ be the connected component of p
−1(W δx )
containing x¯. Let us choose a parametrisation R 3 t→ W δx (t) of W δx such that
W δx (0) = x. Then w
δ
x¯(t) is a point on w
δ
x¯ such that pΛ(w
δ
x¯(t)) = W
δ
x (t) and
W δ+x , W
δ−
x (w
δ+
x¯ , w
δ−
x¯ ) are the connected components of the curve W
δ
x \x (wδx¯\
x¯) for t > 0, t < 0 respectively. For points y¯, z¯ ∈ wδx¯, (y¯ 6= z¯) let [y¯, z¯]δ, [y¯, z¯)δ,
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(y¯, z¯]δ, (y¯, z¯)δ denote the connected arcs on the manifold wδx¯ with boundary
points y¯, z¯.
Definition 4 (Asymptotic direction) We say that a curve wδνx¯ has the
asymptotic direction δνx¯ for t → ν∞, ν ∈ {−,+} if cl(wδνx¯ ) \ wδνx¯ is equal
to x¯ and δνx¯ ∈ ENΛ = ∂UNΛ.
As before, let PΛ be the set of s-boundary points of Λ. For a boundary
point p ∈ PΛ denote by `∞p a connected component of W sp \ p different from `p
and by `∞p¯ the connected component of w
s
p¯ \ p¯ for which pΛ(`∞p¯ ) = `∞p .
It was proved in [8] that for each point x ∈ (Λ\W sPΛ) the curve wsx¯ has two
distinct boundary points (asymptotic directions) s+x¯ , s
−
x¯ . Finally, for every
point p ∈ PΛ the curve ws∞p¯ has an asymptotic direction s∞p¯ .
Statement 2 (Conjugacy on one-dimensional attractors, [8]) Let Λ,
Λ′ be attractors such that there is an automorphism ψ
Λ
: GNΛ → GNΛ′ with
property Tf¯ ′
Λ′
= ψ
Λ
Tf¯Λψ
−1
Λ . Then
1) ψ
Λ
is uniquely induces a homeomorphism ψ∗Λ : ENΛ → ENΛ′ ;
2) for every point x¯ ∈ Λ¯ there is a unique point x¯′ ∈ Λ¯′ such that ψ∗Λ(cl wδx¯∩
ENΛ) = cl wδx¯′ ∩ ENΛ′ for δ ∈ {u, s} and the map ϕ¯Λ : Λ¯→ Λ¯′, assigning x¯′ to
x¯, is a homeomorphism;
3) ϕ¯Λ induces the homeomorphism
ϕΛ = pΛ′ ϕ¯Λp
−1
Λ
: Λ→ Λ′
conjugating f |Λ with f ′|Λ′ and possesses the property: if a, b ∈ W sx , x ∈ Λ then
ϕΛ(a), ϕΛ(b) ∈ W sϕΛ(x).
It immediately follows from Statement 2 that each isomorphism ψ
Λ
with
property Tf¯ ′
Λ′
= ψ
Λ
Tf¯Λψ
−1
Λ uniquely induces a one-to-one map
ψˆ
Λ
: PΛ → PΛ′ .
2.2 Moduli associated to diffeomorphisms from the
class Ψ
For two diffeomorphisms from Ψ to be topologically conjugate certain moduli
conditions have to be satisfied. Let us define these conditions now. For f ∈ Ψ
denote by Ωf the set of trivial basic sets of f and by Ω
0,Ω1,Ω2 its subsets
consisting of the sinks, saddles and sources, accordingly. For a saddle point
σ ∈ Ω1 of a diffeomorphism f ∈ Ψ denote by kσ the period of σ and µσ, λσ
denote the eigenvalue of Dfkσσ which are greater and less than one by absolute
value, accordingly (|µσ| > 1 > |λσ| > 0).
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For 0 < |λ| < 1 < |µ| denote by fµ,λ : R2 → R2 linear diffeomorphism given
by the formula
fµ,λ(x, y) = (µx, λy).
Set
Uµ,λ = {(x, y) ∈ R2 : |x||y|− logλ µ ≤ 1}.
Notice that the set Uµ,λ is fµ,λ-invariant and possesses two fµ,λ-invariant foli-
ations F s = ⋃
c∈R
{(x, y) ∈ Uµ,λ : x = c} and Fu =
⋃
c∈R
{(x, y) ∈ Uµ,λ : y = c}.
Definition 5 (C1 linearization) A saddle point σ ∈ Ω1 and an fkσ-
invariant neighbourhood Uσ of σ form a C
1-linearization (see Figure 6) if:
1) there is a C1-diffeomorphism ψσ : Uσ → Uµσ ,λσ conjugating fkσ |Uσ with
fµσ ,λσ |Uµσ,λσ ;
2) each leaf of the foliations F sσ = ψ−1σ (F s), Fuσ = ψ−1σ (Fu) is C2-smooth.
Figure 6: Linearizable neighborhood Uσ
The existence of a linearizable neighborhood for any saddle point of a
diffeomorphism f from Ψ (or indeed any C2 diffeomorphism) is well-known,
see for example [16] (Chapter 5).
Denote by A the set of points at which one-sided heteroclinic tangencies of
invariant manifolds of saddle points of the diffeomorphism f there is. For each
a ∈ A denote by σua ∈ Ω1, σsa ∈ Ω1 the saddle points such that a ∈ W sσsa ∩W uσua .
Set µa = µσsa and λa = λσua .
Denote by Ua the connected component of Uσsa ∩ Uσua containing the point
a. For any point z ∈ Ua let us set zs = ψσsa(z) = (zsx, zsy) and zu = ψσua (z) =
(zux , z
u
y ). Set ga = ψσua (ψσsa |Ua)−1 : ψσsa(Ua)→ ψσua (Ua) (see Figure 7) and write
the map ga in the coordinate form
ga(x, y) = (ξa(x, y), ηa(x, y)).
9
Figure 7: The transition map ga
Set
τa =
∂ηa
∂x
(as).
Set
Ha = A ∩W sσsa ∩W uσua .
Statement 3 (Moduli for f ∈ Ψ, [11], [12])
1. Let f ∈ Ψ, a ∈ A and k ∈ Z. Then
τfk(a) =
∣∣∣∣λaµa
∣∣∣∣k · τa.
2. If diffeomorphisms f, f ′ ∈ Ψ are topologically conjugate by means of a
homeomorphism h such that h(a) = a′ for a point a ∈ A and h(σsa) = σsa′,
h(σua) = σ
u
a′ then
ln |λa|
ln |µa| =
ln |λa′ |
ln |µa′| .
3. If diffeomorphisms f, f ′ ∈ Ψ∗ are topologically conjugate by means of a
homeomorphism h such that h(σsa) = σ
s
a′, h(σ
u
a) = σ
u
a′ for some points
10
a ∈ A, a′ ∈ A′ and h(a1) = a′1, h(a2) = a′2 for some points a1, a2 ∈
Ha, a
′
1, a
′
2 ∈ Ha′ then ∣∣∣∣τa2τa1
∣∣∣∣ 1ln |µa| = ∣∣∣∣τa′2τa′1
∣∣∣∣ 1ln |µa′ | .
2.3 Geometric description of the intersection pattern of
invariant manifolds
Denote by Ls,Lu the sets of non-trivial attractors respectively repellers. Set
L = Ls ∪Lu. As before let Ω0,Ω1,Ω2 be the sets of sinks, saddles and sources
from the trivial basic set Ωf . We let Ω
1u be the set of saddle points p ∈ Ω1
for which there is either a saddle point q ∈ (Ω1 \ p) such that W up ∩W sq 6= ∅
or a set Λ ∈ Ls such that W up ∩W sΛ 6= ∅. Next define Ω1s = Ω1 \ Ω1u. Note
that the definitions of the sets Ω1s and Ω1u are not symmetric, but, by the
class Ψ assumptions, if p ∈ Ω1u then there exists no saddle point q for which
W sp ∩W uq 6= ∅ for some saddle point q and that there exists no set Λ ∈ Lu such
that W sp ∩W uΛ 6= ∅.
Let us set
Af = W
u
Ω1s ∪ Ω0 ∪ Ls, Rf = W sΩ1u ∪ Ω2 ∪ Lu.
By construction the set Af is an attractor and Rf is a repeller of f , see Figure
8.
Set
Vf = M
2 \ (Af ∪Rf ).
Let k
f
be a minimal natural number such that each separatrix of saddle and
boundary points is invariant with respect to fkf . By construction the orbit
space Vˆf = Vf/f
k
f of the action of the diffeomorphism fkf on Vf consists of a
finite number of copies of the two-dimensional torus, and the natural projection
p
f
: Vf → Vˆf is a covering (see, for example [12], Lemma 2.1). In Figure 9 this
construction is illustrated for the diffeomorphism shown in Figure 8. Set
φˆ
f
= p
f
fp−1
f
: Vˆf → Vˆf .
For each point σ ∈ Ω1s set γˆσ = pf (W sσ \ σ) and for each point σ ∈ Ω1u set
γˆσ = pf (W
u
σ \ σ). By the construction γˆσ is a pair of circles. Set
Γˆsf =
⋃
σ∈Ω1s
γˆσ, Γˆ
u
f =
⋃
σ∈Ω1u
γˆσ.
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Figure 8: Attractor Af and repeller Rf for a diffeomorphism f ∈ Ψ
For each non-trivial basic set Λ denote by k
Λ
the number of periodic compo-
nents of Λ and by g
Λ
the restriction of fkΛ on a periodic component of NΛ.
Set ˆ`p = pf (`p), p ∈ PΛ, ˆ`Λ =
⋃
p∈Λ
ˆ`
p and
Lˆsf =
⋃
Λ∈Ls
ˆ`
Λ, Lˆ
u
f =
⋃
Λ∈Lu
ˆ`
Λ.
Set Hˆa = pf (Ha), λHˆa = λa and µHˆa = µa for a ∈ A. Denote by Hˆf the
union of all sets Hˆa. For a connected component Tˆ of Vˆf let us set HˆTˆ =
Hˆf ∩ Tˆ . If the set HˆTˆ is not empty let us choose a simple closed curve βˆTˆ
which intersects each curve from Tˆ ∩ Γˆsf at exactly one point not being from
Hˆf (such curve exists as Tˆ ∩ Γˆsf is a set of disjoint non-contractible curves).
Denote by βTˆ a connected component of the preimage p
−1
f (βˆTˆ ) and by KTˆ an
annulus on Vf situated between βTˆ and f
kf (βTˆ ). For an oriented path νˆ ⊂ Tˆ
12
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Figure 9: The orbit space Vˆf for the diffeomorphism f from Figure 8 with the
projections of the separatrices
from a point xˆ to a point yˆ there is a unique lift ν ⊂ Vf with the start point
x = p−1f (xˆ) ∩KTˆ (see, for example, [10]). Then the end point of ν is situated
in fkf ·kνˆ (KTˆ ) for some integer kνˆ .
Let aˆ1, aˆ2 ∈ HˆTˆ . If aˆ1 and aˆ2 belong to the same connected component
of Γˆsf then denote by νˆaˆ1,aˆ2 a directed curve connecting the points aˆ1 with
aˆ2 which is the part of curve from Γˆ
s
f oriented along the stable manifold. If
aˆ1 and aˆ2 belong to different connected components γˆ
s
1, γˆ
s
2 of Γˆ
s
f then set
zˆ1 = γˆ
s
1 ∩ βˆTˆ , zˆ1 = γˆs1 ∩ βˆTˆ and denote by νˆaˆ1,aˆ2 a directed curve connecting
the points aˆ1 with aˆ2 consisting of a part of γˆ
s
1 oriented opposite the stable
manifold, a part of curve βˆTˆ connecting zˆ1 with zˆ2 and a part of γˆ
s
2 oriented
along the stable manifold.
For each point b ∈ (Hf∩KTˆ ) let us calculate τb and set τbˆ = τb for bˆ = pf (b).
For Hˆa is from Hˆf let us set
τ
Hˆa
= {τbˆ, bˆ ∈ Hˆa} and CˆHˆa = {λHˆa , µHˆa , τHˆa}.
Set
Cˆf = {CˆHˆa , Hˆa ⊂ Hˆf}.
Definition 6 (The scheme of a diffeomorphism) We call the set Sf =
(Vˆf , φf , Γˆ
s
f , Γˆ
u
f , Cˆf , Lˆ
s
f , Lˆ
u
f ) a scheme of the diffeomorphism f ∈ Ψ.
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Definition 7 (Equivalence of schemes) The schemes
Sf = (Vˆf , φf , Γˆ
s
f , Γˆ
u
f , Cˆf , Lˆ
s
f , Lˆ
u
f ) and Sf ′ = (Vˆf ′ , φf ′ Γˆ
s
f ′ , Γˆ
u
f ′ , Cˆf ′ , Lˆ
s
f ′ , Lˆ
u
f ′)
of diffeomorphisms f, f ′ ∈ Ψ, respectively, are said to be equivalent if there
exists an orientation-preserving homeomorphism ϕˆ : Vˆf → Vˆf ′ such that :
1) ϕˆφˆ
f
= φˆ
f ′ ϕˆ;
2) ϕˆ(Γˆsf ) = Γˆ
s
f ′, ϕˆ(Γˆ
u
f ) = Γˆ
u
f ′ and for each σ ∈ Ω1 there is a unique σ′ ∈ Ω′1
such that ϕˆ(γˆσ) = γˆσ′;
3) if Hˆa′ = ϕˆ(Hˆa) then
ln|λHˆa |
ln|µHˆa | =
ln
∣∣∣λHˆa′
∣∣∣
ln
∣∣∣µHˆa′
∣∣∣ ;
4) if Hˆa′ = ϕˆ(Hˆa) for Hˆa from Hˆf then
4a) for any points aˆ1, aˆ2 ∈ Hˆa belonging to the same connected component
Tˆ of Vˆf we have
∣∣∣ τaˆ2τaˆ1 ∣∣∣
1
ln|µHˆa | =
(∣∣∣∣λHˆa′µHˆa′
∣∣∣∣kϕˆ(νˆaˆ1,aˆ2 ) · ∣∣∣ τϕˆ(aˆ2)τϕˆ(aˆ1) ∣∣∣
) 1
ln
∣∣∣∣∣µHˆa′
∣∣∣∣∣ , ;
4b) for any points aˆ1, aˆ2 ∈ Hˆa belonging to different connected com-
ponents Tˆ1, Tˆ2 of Vˆf there is a number maˆ1,aˆ2 such that
(
τaˆ2
τaˆ1
) 1
ln|µHˆa| =(∣∣∣∣λHˆa′µHˆa′
∣∣∣∣maˆ1,aˆ2 · τϕˆ(aˆ2)τϕˆ(aˆ1)
) 1
ln
∣∣∣∣∣µHˆa′
∣∣∣∣∣ ;
5) if Ha, Hb are from Hf and aˆ1, aˆ2 ∈ Hˆa, bˆ1, bˆ2 ∈ Hˆb such that aˆ1, bˆ1 ∈
Tˆ1, aˆ2, bˆ2 ∈ Tˆ2 then the numbers maˆ1,aˆ2 , mbˆ1,bˆ2 satisfy the equality mbˆ1,bˆ2 =−k
ϕˆ(νˆ
aˆ1,bˆ1
)
+m
aˆ1,aˆ2
+ k
ϕˆ(νˆ
aˆ2,bˆ2
)
;
6) ϕˆ(Lˆsf ) = Lˆ
s
f ′, ϕˆ(Lˆ
u
f ) = Lˆ
u
f ′ and for each Λ ∈ L there is a unique Λ′ ∈ L′
such that ϕˆ(ˆ`
Λ
) = ˆ`
Λ′ ;
7) if ϕˆ(ˆ`
Λ
) = ˆ`
Λ′ then there is an isomorphism ψΛ conjugating Tg¯Λ with Tg¯′Λ′
for some g¯
Λ
, g¯′Λ′ and such that ϕˆ(ˆ`p) = ˆ`ψˆΛ(p).
3 Separability of a 1-dimensional attractor
(repeller) of a diffeomorphism of a surface
with a finite number moduli
Proof of Theorem 1
We now prove that a 1-dimensional attractor of an A-diffeomorphism f :
M2 →M2 with a finite number moduli is separable.
Proof: Let Λ be an attractor of an A-diffeomorphism f : M2 → M2 with a
finite number of moduli. Let us prove that the three conditions of Definition
1 hold.
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1) To prove item 1) of Definition 1 it suffices to prove that W uΛ′ ∩W sΛ = ∅
holds for every non-trivial basic set Λ′ distinct from Λ. Suppose the contrary:
there are points x ∈ Λ, x′ ∈ Λ′ such that W sx ∩W ux′ 6= ∅. Since stable manifolds
of the points of Λ (unstable manifolds of the points of Λ′) are C1-close on
compact sets, without loss of generality one can assume that the manifold W sx
contains no s-boundary periodic points of the basic set Λ and the manifold
W ux′ contains no u-boundary periodic points of the basic set Λ
′. By Statement
1, the intersection W uΛ′ ∩W sΛ is transverse.
Let y ∈ (W sx ∩ W ux′). As Λ and Λ′ have local structure of the product
on interval by Cantor set then the point y belongs to an adjacent interval
(a, b)s ⊂ W sx which consists of the wandering points of the diffeomorphism
f and such that a, b ∈ Λ and W ua ,W ub contain one s-boundary point each
pa, pb (pa = pb if W
u
a = W
u
b ). Denote by La (Lb) the connected component
of the set W ua \ a (W ub \ b) disjoint from the point pa (pb). Then the curve
lab = La ∪ Lb ∪ [a, b]s bounds a domain Dab. This domain is a continuous
immersion of the open disk into the manifold M2, all of its points are the
wandering points of the diffeomorphism f and the curve lab is the boundary of
Dab which is accessible from inside.
Denote by W u∗y the connected component of the set W
u
y \ y disjoint from
the point x′. The transversality condition implies W u∗y ∩ Dab 6= ∅. On the
other hand the component W u∗y contains a set which is dense in the periodic
component of the set Λ′. Therefore there are points in W u∗y disjoint from the
domain Dab. Then there is a point y
′ ∈ (a, b)s distinct from the point y and
such that the arc (y, y′)u ⊂ W ux′ belongs to the domain Dxy. Since for any
point a˜ ∈ Lpa there is a unique point b˜ ∈ Lpb such that a˜ ∈ W sx˜ , x˜ ∈ Λ and
(a˜, b˜)s ⊂ Dab it follows that there is a point x˜ for which the arc (a˜, b˜)s is tangent
to the arc (y, y′)u and this contradicts the transversality condition.
2) To prove the item 2) of Definition 1 it suffices to show that for every
s-boundary point p of the basic set Λ there is no saddle point σ from the trivial
basic set of the diffeomorphism f such that W uσ ∩ `p 6= ∅. If we assume the
contrary then similarly to the proof of the item 1) we come to a contradiction
to the transversality condition.
3) Assuming the contrary in this case we come to a contradiction to the
transversality condition as well. 
4 A proof of the classification theorem
A proof of Theorem 2
It follows from the geometrical construction of the schemes and Statement 3
that diffeomorphisms f, f ′ ∈ Ψ∗ are topologically conjugate then their schemes
are equivalent. Let us show that if the schemes of diffeomorphisms f, f ′ ∈ Ψ
are equivalent, then the diffeomorphisms are topologically conjugate.
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Proof: Let Sf = (Vˆf , φf , Γˆ
s
f , Γˆ
u
f , Cˆf , Lˆ
s
f , Lˆ
u
f ) and Sf ′ =
(Vˆf ′ , φf ′ Γˆ
s
f ′ , Γˆ
u
f ′ , Cˆf ′ , Lˆ
s
f ′ , Lˆ
u
f ′) schemes of diffeomorphisms f, f
′ ∈ Ψ, re-
spectively, for which there exists an orientation-preserving homeomorphism
ϕˆ : Vˆf → Vˆf ′ with the properties 1)-7) of Definition 7. We divide the
construction of a conjugating homeomorphism h : M2 → M2 such that
hf = f ′h in to steps.
Step 1. The existence of the homeomorphism ϕ : Vˆf → Vˆf ′ with property
ϕˆφˆ
f
= φˆ
f ′ ϕˆ implies that there exists a homeomorphism ϕ : Vf → Vf ′ that
conjugates the restriction of the diffeomorphism f to Vf with the restriction
of the diffeomorphism f ′ to Vf ′ and is such that ϕˆ = pf ′ϕp
−1
f
. For each point
b ∈ (Ha∩KTˆ ) let us denote by n(bˆ) an integer such that ϕ(b) ∈ f ′kf ′ ·n(bˆ)(Kϕˆ(Tˆ )).
Due to condition 5) in Definition 7, we can suppose that ϕ is chosen such that
if a1 ∈ (Ha ∩ KTˆ1) and a2 ∈ (Ha ∩ KTˆ2) then n(aˆ2) − n(aˆ1) = maˆ1,aˆ2 . So we
have a conjugating homeomorphism on the set M2 \ (Af ∪Rf ).
Due to condition 2) in Definition 7, for any point σ ∈ Ω1δ, δ ∈ {u, s} there
exists a point σ′ ∈ Ω′1δ such that ϕ(W δσ \σ) = W δσ′ \σ′. Let us extend ϕ on the
set Ω1 by setting ϕ(σ) = σ′. Due to condition 1) in Definition 7, ϕ conjugates
f |W δ
Ω1δ
with f ′|W ′δ
Ω′1δ
.
Due to condition 6) in Definition 7, for any basic set Λ ∈ Lδ there exists a
basic set Λ′ ∈ L′δ such that ϕ(`
Λ
) = `
Λ′ . Let us extend ϕ by continuity on the
set
⋃
Λ∈L
PΛ of boundary points of non-trivial basic sets. Due to condition 1) in
Definition 7, ϕ conjugates f | ⋃
Λ∈L
`
Λ
with f ′| ⋃
Λ′∈L′
`
Λ′
.
Step 2. In this step we define homeomorphisms ϕsΩ1u : W
s
Ω1u → W sΩ′1u and
ϕuΩ1s : W
u
Ω1s → W uΩ′1s which conjugate f |W sΩ1u with f
′|W s
Ω′1u
and f |Wu
Ω1s
with
f ′|Wu
Ω′1s
, accordingly.
Let σ ∈ Ω1u and σ′ = ϕ(σ). Set
ρsσ =
ln |λσ′ |
ln |λσ| .
Let `sσ be a stable separatrix of σ. Denote by `
s
σ′ the stable separatrix of
σ′ = ϕ(σ) such that for a connected component E of Uσ\W uσ containing `sσ and
a connected component E ′ of Uσ′ \W uσ′ containing `sσ′ the following condition
holds ϕ(E \W uσ ) ∩ E ′ 6= ∅. Let us define a homeomorphism ϕ`sσ : `sσ → `sσ′ by
the following way. For a point t ∈ `sσ such that tu = (0, tuy) let us set ϕ`sσ(t) = t′
where t′u = (0, t′uy),
|t′uy | = |tuy |ρ
s
σ .
It is easy to verify that ϕ`sσ conjugates the diffeomorphisms f
kσ |`sσ and f ′kσ |`sσ′ .
Due to property 2) of Definition 7 we get kσ = kσ′ . Then for each k =
0, . . . , kσ we can define a homeomorphism ϕ`s
fk(σ)
: `s
fk(σ)
→ `s
f ′k(σ′) by the
formula ϕ`s
fk(σ)
(x) = f ′k(ϕ`sσ(f
−k(x))) for each x ∈ `s
fk(σ)
. Doing a similar
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construction for all saddle periodic orbits of the set Ω1u we get the sought
conjugating homeomorphism ϕsΩ1u .
Now let σ ∈ Ω1s and σ′ = ϕ(σ). Set
ρuσ =
ln |µσ′|
ln |µσ| .
Similar to the construction above for corresponding separatrices `uσ, `
u
σ′ we
define a homeomorphism ϕ`uσ : `
u
σ → `uσ′ by the following way. For a point
t ∈ `uσ such that ts = (tsx, 0) let us set ϕ`uσ(t) = t′ where t′s = (t′sx, 0),
|t′sx| = c`uσ |tsx|ρ
u
σ ,
where c`uσ =
∣∣∣∣∣λHˆa′µHˆa′
∣∣∣∣∣
n(aˆ)
·|τaˆ′ |
|τaˆ|ρuσ if there is a point aˆ ∈ ˆ`
u
σ ∩ Hˆf and equals 1 in the
opposite case. As above it is possible to verify that ϕuσ conjugates the diffeo-
morphisms fkσ |`uσ and f ′kσ |`uσ′ . For each k = 0, . . . , kσ we can define a homeo-
morphism ϕ`u
fk(σ)
: `u
fk(σ)
→ `u
f ′k(σ′) by the formula ϕ`ufk(σ)
(x) = f ′k(ϕ`uσ(f
−k(x)))
for each x ∈ `u
fk(σ)
. Doing a similar construction for all saddle periodic orbits
of the set Ω1s we get the sought conjugating homeomorphism ϕuΩ1s .
Step 3. In this step we construct a homeomorphism ϕLs : Ls → L′s
(ϕLu : Lu → L′u) which conjugates f |Ls with f ′|L′s (f |Lu with f ′|L′u). Let us
construct ϕLs , the construction of ϕLu is similar.
Let Λ be a one-dimensional attractor of f and L be one from k
Λ
periodic
components of Λ. Then L is a one-dimensional attractor of the diffeomorphism
g = fkΛ with the unique periodic component. Denote by L′ a periodic compo-
nent of Λ′ such that ϕ sends the boundary points of L to the boundary points
of L′. Then L′ is a one-dimensional attractor of the diffeomorphism g′ = f ′kΛ′
with the unique periodic component. Due to conditions 1) and 6) in Definition
7, k
Λ
= k
Λ′ . Due to condition 7) in Definition 7, there is an isomorphism ψΛ
conjugating Tg¯
L
with Tg¯′
L′
for some g¯
L
, g¯′L′ and such that ϕ(p) = ψˆΛ(p) for each
point p from the set PL of the boundary points of L. Statement 2 implies that
there is a homeomorphism ϕ¯L : L¯→ L¯′ such that g¯′L′ϕ¯L|L¯ = ϕ¯Lg¯L|L¯. Set
ϕL = pNL′
ϕ¯Lp
−1
NL
: L→ L′.
Then ϕLgL|L = g′L′ϕL|L and ϕL(p) = ϕ(p) for each p ∈ PL. Define ϕΛ :
Λ → Λ′ by the formula ϕΛ(v) = f ′k(ϕL(f−k(v))) where fk(v) ∈ L for v ∈ Λ.
Doing a similar construction for all attractors of the set Ls we get the sought
conjugating homeomorphism ϕLs .
Step 4. In this step we modify the homeomorphism ϕ|W sLs\Ls (ϕ|WuLu\Lu)
up to h˜Ls : W sLs \ Ls → W sL′s \ L′s (h˜Lu : W sLu \ Lu → W sL′u \ L′u) which
extended to Ls (Lu) by ϕLs (ϕLu ). Let us construct h˜Ls , the construction of
h˜Lu is similar.
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Let Λ be a one-dimensional attractor of f . Let us modify ϕ|W sΛ\Λ up to
h˜Λ : W
s
Λ \ Λ → W sΛ′ \ Λ′ which extended to Λ by ϕΛ and conjugates f |W sΛ\Λ
with f ′|W s
Λ′\Λ′ .
Let L be a periodic component of Λ as in Step above. Denote by BL the
set of all bunches of L and will use further the denotations of section 2.1.
Let us consider the closed curve Lb of the bunch b ∈ BL and enumerate the
separatrices l1, . . . , lm of all saddle points and boundary points which inter-
sect Lb due to some orientation on Lb. Set b
′ = ϕL(b). Due to items 2) and
6) of Definition 7 we have that the separatrices ϕ(l1), . . . , ϕ(lm) intersect Lb′
in order. If ϕL|PL = ϕ|PL then for each j ∈ {1, . . . , rb} there is a homeomor-
phism hsj : [x2j, x2j+1]
s → [ϕL(x2j), ϕL(x2j+1)]s such that hsj([x2j, x2j+1]s∩lµ) =
[ϕL(x2j), ϕL(x2j+1)]
s∩ϕ(lµ) for each µ ∈ {1, . . . ,m} and hsj(x2j) = ϕL(x2j). Set
Isb =
rb⋃
j=1
[x2j, x2j+1]
s, Isb′ =
rb′⋃
j=1
[ϕL(x2j), ϕL(x2j+1)]
s and denote by hsb : I
s
b → Isb′
a homeomorphism which composed from hsj , j ∈ {1, . . . , rb}. Set IsL =
⋃
b∈BL
Isb ,
IsL′ =
⋃
b′∈BL′
Isb′ and denote by h
s
L : I
s
L → IsL′ a homeomorphism which composed
from hsb, b ∈ BL.
X1
X2
X3
X4
Y3
Y4
Y2
Y1
L
IL
S
IL
U
Figure 10: Illustration to the Step 4
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Denote by y2j−1, y2j ∈ W upj the intersection points of f(Isb ) with W upj such
that pj /∈ [x2j, y2j]u (see figure 10). Set Iub =
rb⋃
i=j
[x2j, y2j]
u, IuL =
⋃
b∈BL
Iub , and
IuL′ = hL(I
u
L). Set h
u
L = ϕL|IuL : IuL → IuL′ . Let ΠL (ΠL′) be the closure of the set
W sIuL\L (W sIuL′ \L
′). Let us construct on ΠL a pair of transverse one-dimensional
foliation F sL, F
u
L with the following properties:
a) each leaf of F sL is a connected component of the intersection stable man-
ifold of a point from L with ΠL;
b) each leaf of F uL is a segment [x, y] with the boundary points x, y such
that x ∈ [x2j, x2j+1]s, y ∈ [y2j, y2j+1]s;
c) if [x, y] belongs to F uL then [g
−1(y), g(x)] also belongs to ot;
d) each connected component of intersection of the separatrices of the sad-
dle points with ΠL is a leaf of F
u
L .
For each point z ∈ IuL denote by F sL,z a leaf of the foliation F sL passing
through the point z. For each point x ∈ IsL denote by F uL,x a leaf of the
foliation F uL passing through the point x. Let us construct similar foliations
F sL′ , F
u
L′ on ΠL′ and define a homeomorphism hΠL : ΠL → ΠL′ by the formula
hΠL(F
s
L,z ∩ F uL,x) = F sL,huL(z) ∩ F
u
L,hsL(x)
.
Notice that ΠL \BL is a fundamental domain of f restriction on W sΛ \Λ. Then
for each point w ∈ (W sΛ \ Λ) there is k ∈ Z such that fk(w) ∈ ΠL. As hΠL
conjugates g|ΠL with g′|ΠL′ then we can extend hΠL up to h˜Λ : W sΛ\Λ→ W sΛ′\Λ′
conjugating f and f ′ by the formula
h˜Λ(w) = f
′k(hΠL(f
−k(w))).
Doing a similar construction for all attractors of the set Ls we get the
sought conjugating homeomorphism h˜Ls .
Denote by ϕ1 : Vf → Vf ′ a homeomorphism given by the formula
ϕ1(z) =

h˜Ls(z), z ∈ (W sLs \ Ls);
h˜Lu(z), z ∈ (W uLu \ Lu);
ϕ(z), z ∈ Vf \ (W sLs ∩W uLu).
Set ϕˆ1 = pf ′ϕ1p
−1
f : Vˆf → Vˆf ′ .
Step 5. In this step we modify the homeomorphism ϕ1|W sLs\Ls (ϕ1|WuLu\Lu)
up to hLs : W sLs \ Ls → W sL′s \ L′s (hLu : W sLu \ Lu → W sL′u \ L′u) which
extended to Ls (Lu) by ϕLs (ϕLu ) and extended by ϕsΩ1u (ϕuΩ1s) on cl (W sLs) \
(Ls ∪Ω2) (cl (W uLu) \ (Lu ∪Ω0)). Let us construct hLs , the construction of hLu
is similar.
By Theorem 1, each non-trivial attractor of the diffeomorphism f is sep-
arable. Then there is a set Σu ⊂ Ω1u such that cl (W sLs) \ (Ls ∪ Ω2) = W sΣu .
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Let σ ∈ Σu. Set hsσ = ϕsΩ1u|W sσ : W sσ → W sσ′ and huσ = ϕ1|Wuσ : W uσ → W uσ′ . In
an fkσ -invariant neighbourhood Nσ of σ let us construct a pair of transverse
fkσ -invariant foliations Gsσ, G
u
σ with the following properties:
a) W sσ ∈ Gsσ, W uσ ∈ Guσ;
b) if W uσ ∩W sL 6= ∅ for some periodic component L of a non-trivial attractor
then each connected component of W sx ∩Nσ, x ∈ L is a leaf of Gsσ.
For each point zu ∈ W uσ denote by Gsσ,zu a leaf of the foliation Gsσ passing
through the point zu. For each point zs ∈ W sσ denote by Guσ,zs a leaf of the
foliation Guσ passing through the point zs. Let us construct similar foliations
Gsσ′ , G
u
σ′ on Nσ′ and define a homeomorphism hNσ : Nσ → Nσ′ by the formula
hNσ(G
s
σ,zu ∩Guσ,zs) = Gsσ′,huσ(zu) ∩Guσ′,hsσ(zs).
Then in some tubular neighbourhood N(γˆσ) of γˆσ a map hˆNσ is well-defined
by the formula hˆNσ = pf ′hNσp
−1
f
. Chose a tubular neighbourhood N˜(γˆσ) of
γˆσ such that N(γˆσ) ⊂ N˜(γˆσ), hˆNσ(N(γˆσ)) ⊂ ϕˆ1(N˜(γˆσ)) and the set Q =
cl (N˜(γˆσ) \ N(γˆσ)), Q′ = cl (ϕˆ1(N˜(γˆσ)) \ hˆNσ(N(γˆσ))) are two-dimensional
annulus. Then there is a homeomorphism ϕˆQˆ : Qˆ→ Qˆ′ such that ϕˆQˆ|∂N(γˆσ) =
hˆNσ and ϕˆQˆ|∂N˜(γˆσ) = ϕˆ1. As the homeomorphisms ϕ1 and hNσ send leaves of
the foliation W sx , x ∈ Ls to leaves of the foliation W sx′ , x′ ∈ L′s and are coincide
on W uσ then we can construct ϕˆQˆ such that its lift sends leaves of the foliation
W sx , x ∈ Ls to leaves of the foliation W sx′ , x′ ∈ L′s.
Denote by ϕˆγˆσ : Vˆf → Vˆf ′ a homeomorphism given by the formula
ϕˆγˆσ(zˆ) =

φˆkf ′(hˆNσ(φ
−k
f (zˆ))), zˆ ∈ φˆkf (N(γˆσ));
φˆkf ′(ϕˆQˆ(φ
−k
f (zˆ))), zˆ ∈ φˆkf (Qˆ);
ϕˆ1(zˆ), zˆ ∈ (Vˆf \ N˜(γˆσ)).
Denote by ϕγˆσ a lift of ϕˆγˆσ coinciding with ϕ1 on Vf \ p−1f (N˜(γˆσ)). Doing
in series a similar construction for all saddle periodic orbits of the set Σu we
get a homeomorphism ϕΣu : Vf → Vf ′ . Also we construct a homeomorphism
ϕΣs : Vf → Vf ′ .
Denote by ϕ2 : Vf → Vf ′ a homeomorphism given by the formula
ϕ2(z) =

ϕΣu(z), z ∈ (W sLs \ Ls);
ϕΣs(z), z ∈ (W uLu \ Lu);
ϕˆ1(z), z ∈ Vf \ (W sLs ∩W uLu).
Set ϕˆ2 = pf ′ϕ2p
−1
f : Vˆf → Vˆf ′ .
Step 6. Let σ ∈ Ω1. For a point x ∈ Uσ denote by Fuσ,x (F sσ,x) the
unique leaf of Fuσ (F sσ) that passes through the point x. Define projections
piuσ : Uσ → W sσ (pisσ : Uσ → W uσ ) along the leaves of the foliation Fuσ (F sσ) as
follows: piuσ(x) = Fuσ,x ∩W sσ (pisσ(x) = F sσ,x ∩W uσ ).
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Let a ∈ W sσsa ∩W uσua be a point of one-sided tangency and a′ = ϕ(a). Set
la = ψ
−1
σua
({(x, y) ∈ Uµσua ,λσua : x = aux}) ∩ Ua, la′ = ψ−1σua′ ({(x, y) ∈ Uµσua′ ,λσua′ :
x = a′ux}) ∩ Ua′ . Set LA =
⋃
a∈A
la and LA′ =
⋃
a′∈A′
la′ . In this step we construct
a homeomorphism ϕ
LA : LA → LA′ which conjugates f |LA with f ′|LA′ and
extended to W sΩ1u by ϕ
s
Ω1u and to W
u
Ω1s by ϕ
u
Ω1s .
Define a homeomorphism ϕla : la → la′ by the formula ϕla(z) = z′ =
((piuσu
a′
)−1(ϕsσu(pi
u
σua
(z))))∩la′ . Set La =
⋃
n∈Z
fkn(la) and La′ =
⋃
n∈Z
f ′kn(la′), where
k is the period of unstable separatrix containing a. Define a homeomorphism
ϕLa : La → La′ by the formula ϕLa(z) = z′ = f ′kn(ϕla(f−kn(z))) for each point
z ∈ fkn(la). Set Ea = W uσsa ∪W sσua ∪La and Ea′ = W uσsa′ ∪W
s
σu
a′
∪La′ . Denote by
ϕa : Ea → Ea′ a map, coinciding with ϕuσsa on W uσsa , with ϕsσua on W sσua and with
ϕLa on La. Using condition 2) of Definition 7 it is possible to verify that ϕa is
a homeomorphism (see [12] for details).
Denote by A ⊂ A a set of such points that any two from their are not
belonging to the same orbit of f and
⋃
n∈Z
fn(A) = A. Set A′ = ϕ(A), EA =⋃
a∈A
Ea and EA′ =
⋃
a′∈A′
Ea′ . Let us define a map ϕA : EA → EA′ as coinciding
with ϕa on each set Ea. Using condition 4) of Definition 7 it is possible to
verify that ϕA is a homeomorphism (see [12] for details).
Step 7. In the neighborhood Ua of a point a ∈ A define foliations Fua
and F sa by the following way. The leaves of Fua are coincide with the leaves of
Fuσua ∩ Ua. In the neighborhood ψσua (Ua) the curve ψσua (W sσsa) has the equation
q(x) = Q(x − aux)n + o((x − aux)n), where o((x−a
u
x)
n)
(x−aux)n → 0 for x → a
u
x. Set
F sa = ψ−1σua (
⋃
c∈R
{(x, y) ∈ Uµσ ,λσ : y = q(x)+ c})∩Ua. Hence, in a neighborhood
Ua the leaves of Fua are transverse to the leaves of F sa on the set Ua\la and have
tangency along the curve la. Set UA =
⋃
a∈A
Ua, UA =
⋃
n∈Z
fn(UA), FuA =
⋃
a∈A
Fua ,
FuA =
⋃
n∈Z
fn(FuA), F sA =
⋃
a∈A
F sa and F sA =
⋃
n∈Z
fn(F sA). The similar foliations
FuA′ and F sA′ let us construct in the neighbourhood UA′ of the set A′.
Let d be a point of the heteroclinic intersection of the manifolds W sσsd ∩W uσud
be not belonging to the set A. Denote Ud a connected component of the
set Uσsd ∩ Uσud which contains d. Define foliations Fud a F sd by the following
way: Fud = Fuσud ∩ Ud and F sd = F sσsd ∩ Ud. Let D (D′) be the set of all
heteroclinic points of f (f ′) not belonging to A, D ⊂ D the set of points such
that any two of them do not belong to the same orbit of the diffeomorphism
f and
⋃
n∈Z
fn(D) = D. Set UD =
⋃
d∈D
Ud, UD =
⋃
n∈Z
fn(UD), FuD =
⋃
d∈D
Fud ,
FuD =
⋃
n∈Z
fn(FuD), F sD =
⋃
d∈D
F sd and F sD =
⋃
n∈Z
fn(F sD). Construct the similar
foliation FuD′ and F sD′ in the neighbourhood UD′ of the set D′ = ϕ(D).
Set LA =
⋃
a∈A
La. For a point σ ∈ Ωf define foliations F˜ sσ and F˜uσ transverse
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Figure 11: Construction of foliations
to each other everywhere except LA by the following way. The foliation F˜ sσ
(F˜uσ ) coincides with F sA (FuA) on Uσ ∩ UA, coincides with F sD (FuD)on Uσ ∩ UD
and coincides with F sσ (Fuσ ) out of the set UA ∪ UD (see figure 11). Denote by
p˜isσ : Uσ → W uσ (p˜iuσ : Uσ → W sσ) a projection along the leaves of the foliation
F˜ sσ (F˜uσ ). Construct similarly the foliation F˜ sσ′ (F˜uσ′) and define the projection
p˜isσ′ : Uσ′ → W uσ′ (p˜iuσ′ : Uσ′ → W sσ′) in the neighbourhood Uσ′ . Denote by
p˜isΩ1 , p˜i
u
Ω1 , p˜i
s
Ω′1 , p˜i
s
Ω′1 maps consisting of p˜i
s
σ, p˜i
u
σ , p˜i
s
σ′ , p˜i
s
σ′ , σ ∈ Ω1, accordingly.
Step 8. For each point a ∈ A let us define a homeomorphism ϕUa : Ua →
Ua′ by the following way. Denote by U
+
a and U
−
a the connected components of
Ua\ la following a rule that any point z = (zux , 0) ∈ Ua belongs to U+a if zux > aux
and belongs to U−a if z
u
x < a
u
x. Similarly denote the connected components of
Ua′ \ la′ . Define a homeomorphism ϕU+a : U+a → U+a′ by the following way: for
a point z ∈ U+a set ϕU+a (z) = z′, where z′ ∈ U+a′ is the intersection point of the
leaves (p˜isσs
a′
)−1(ϕuσsa(p˜i
s
σsa
(z))) and (p˜iuσu
a′
)−1(ϕsσua (p˜i
u
σua
(z))). In the similar way let
us define a homeomorphism ϕU−a : U
−
a → U−a′ . Set
ϕUa(z) =

ϕU+a (z), z ∈ U+a ;
ϕU−a (z), z ∈ U−a ;
ϕla , z ∈ la.
Define a homeomorphism ϕUA : UA → UA′ as coinciding with ϕUa for each
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a ∈ A.
For each point d ∈ D define a homeomorphism ϕUd : Ud → Ud′ by the fol-
lowing way: ϕUd(z) is the intersection point of the leaves (p˜i
s
σu
d′
)−1(ϕuσud (p˜i
s
σud
(z)))
and (p˜iuσu
d′
)−1(ϕsσud (p˜i
u
σud
(z))) belonging to Ud′ . Let us define a homeomorphism
ϕUD : UD → UD′ as a homeomorphism coinciding with ϕUd for each d ∈ D.
For δ ∈ {u, s} denote by ϕδ
Ω1δ
: W δ
Ω1δ
→ W δ
Ω′1δ a homeomorphism conjugat-
ing the diffeomorphisms f |W δ
Ω1δ
, f ′|W δ
Ω′1δ
, coinciding with the homeomorphism
ϕUA on W
δ
Ω1δ
∩ UA, coinciding with the homeomorphism ϕUD on W δΩ1δ ∩ UD
and coinciding with the homeomorphism ϕ out of some neighborhood of the
set W δ
Ω1δ
∩ (UA ∪ UD). Denote by ϕuΩ1 : W uΩ1 → W uΩ1 a homeomorphism com-
posed from ϕuΩ1u and ϕ
u
Ω1s . Denote by ϕ
s
Ω1 : W
s
Ω1 → W sΩ1 a homeomorphism
composed from ϕsΩ1u and ϕ
s
Ω1s .
Set UΩ1 =
⋃
σ∈Ω1
Uσ and UΩ′1 =
⋃
σ′∈Ω′1
Uσ′ . Define a homeomorphism ϕUΩ1 :
UΩ1 → UΩ′1 as a homeomorphism conjugating the diffeomorphisms f |UΩ1 and
f ′|UΩ′1 , coinciding with the homeomorphism ϕUA on UΩ1 ∩UA, coinciding with
the homeomorphism ϕUD on UΩ1 ∩ UD and such that for a z ∈ (Uσ \ (UA ∪
UD)), ϕUΩ1 (z) is the intersection point of the leaves (p˜i
s
Ω1)
−1(ϕuΩ1(p˜i
s
Ω1(z))) and
(p˜iuΩ1)
−1(ϕsΩ1(p˜i
u
Ω1(z))).
Step 9. For any t ∈ (0, 1) set U tµ,λ = {(x, y) ∈ R2 : |x||y|− logλ µ ≤ t}. For
any σ ∈ Ω1 set U tσ = ψ−1σ (U tµσ ,λσ) and U tΩ1 =
⋃
σ∈Ω1
U tσ.
Let us choose a value t0 ∈ (0, 1) such that ϕUΩ1 (U t0Ω1) ⊂ (ϕ(UΩ1) ∪W sΩ′1u ∪
W uΩ′1s). Set Q = UΩ1 \ int U t0Ω1 , R = ∂UΩ1 , R0 = ∂U t0Ω1 , Q′ = ϕ(UΩ1) \
int ϕΩ1(U
t0
Ω1), R
′ = ϕ(∂UΩ1), R′0 = ϕUΩ1 (∂U
t0
Ω1), Qˆ = pf (Q), Qˆ
′ = p
f ′ (Q
′) and
ϕˆUΩ1 = pf ′ϕUΩ1 (pf |R0)−1 : Rˆ0 → Rˆ′0.
By the construction the sets Qˆ, Qˆ′ have the same number of the connected
components each of them is homeomorphic to the standard two-dimensional
annulus (see figure 12, where the set Qˆ is coloured). Then there is a homeo-
morphism ϕˆQˆ : Qˆ→ Qˆ′ such that ϕˆQˆ|Rˆ = ϕˆ and ϕˆQˆ|Rˆ0 = ϕˆUΩ1 .
Denote by ϕQ : Q → Q′ a lift of the homeomorphism ϕˆQˆ coinciding with
ϕ on ∂UΩ1 . Define a homeomorphism ϕ3 : Vf → Vf ′ by the formula:
ϕ3(x) =

ϕUΩ1 (x), x ∈ U t0Ω1 ;
ϕQ(x), x ∈ Q;
ϕ(x), x ∈M2 \ UΩ1 .
Let us define a homeomorphism h : M2 \ (Ω0 ∪Ω2)→M ′2 \ (Ω′0 ∪Ω′2) by the
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Figure 12: Illustration to Step 9
formula:
h(x) =

ϕ2(x), x ∈ (W sLs \ Ls ∪W uLu \ Lu);
ϕ3(x), x ∈ (Vf \ (W sLs ∪W uLu);
ϕLs(x), x ∈ Ls;
ϕLu(x), x ∈ Lu;
ϕuΩ1s(x), x ∈ W uΩ1s ;
ϕsΩ1u(x), x ∈ W sΩ1u .
Then, to obtain a desired homeomorphism, it suffices to extend the home-
omorphism h continuously to the set Ω0 ∪ Ω2. 
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